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Abstract: In this paper, a nano-pillar array integrated near quantum dots
(QDs), which serves as a Purcell cavity as well as a column antenna, is stud-
ied in order to enhance the spontaneous emission (SE) rate of low emission
efficiency QDs. A systematic analysis for treating the isolated nano-pillar
and loose ordered pillar is demonstrated by solving the electromagnetic
field equations. As an illustrative example of potential applications, we
proposed a new structure that Germanium (Ge) QDs are located in close
proximity to the isolated Indium Tin Oxide (ITO) nano-pillar to raise its
efficiency. From the results of numerical calculation, it is predicted that ITO
pillars with slim (e.g., the radius is 25 nm and the height is 500 nm) and
flat morphology (e.g., the radius is 40 nm and the height is 60 nm) exhibit
superior enhancement over 20 folds. Finite difference time domain (FDTD)
simulation is utilized for demonstrating the distinctive enhancement when
QDs radiate at surface plasmonic resonance frequency of ITO nano-pillar.
It can be found that the QDs emission enhancement profile accords with our
results obtained from numerical analysis.
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1. Introduction

Silicon based light source, playing a vital role in silicon integrated optoelectronic devices and
chips, has been studied extensively recently [1]. Germanium, which is compatible to silicon
complementary metal oxide semiconductor (CMOS) fabrication process, is an ideal material to
be formed into QDs as emitters for the silicon based light source [2]. In fact, the low-radiation
efficiency of Ge has been the barrier for its application while introduction of surface plasmonic
enhancement for improving its efficiency may put it into practice [3]. Based on integrating
certain types of nano-cavity near the pumped QDs to increase the density of states (DOS) of
QDs’ light field, quantum efficiency will be effectively improved, though accompanied by some
radiation loss of the cavity. Over the past years, in order to achieve enhancement of efficiency,
much attention has been paid to the fabrication of such nano-structures and enhancement was
tested directly by experiments [4]. However, an analytic and numerical deduction of the whole
physical process is overlooked more or less, which should have been emphasized equally. In
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Fig. 1. Illustration of the surface plasmonic enhancement, with an isolated NP placed near
a layer of active QDs in dielectric, where τ

−1
rad is the radiative decay rate of QDs, Fpτ

−1
rad is

the energy transferred from emitter into SP modes, τ
−1
nrad is the nonradiative decay rate of

QDs, γrad is the radiative decay rate of SPs, and γnrad is the nonradiative decay rate of SPs.

this aspect, Sun et al has made much pioneering work [5].
The whole process of surface plasmonic enhancement can be interpreted like Fig. 1. Semi-

conductor QDs, which generate the dipole-field, have their initial efficiency. Nevertheless, due
to the influence of the proximity nano-structure, field distribution is disturbed intensely. Since
the surface plasmon polariton (SPP) is induced at the metal-dielectric interface, the field is con-
centrated near the surface with confined large wavevector and high DOS, leading to increase of
radiative recombination rate and thus the quantum efficiency of the QDs [6]. On the other hand,
while the quantum efficiency of the QDs is improved, not all the energy can be coupled into
free space as photons. Actually, most of it decays in nano-particles (NPs) because it could be
hard for large wavevector SPP to be coupled into free space [5]. Since the NPs can efficiently
transfer the electromagnetic (EM) energy from near field to far field, they can be considered
as nano-antennas. Therefore, in order to calculate the total enhancement of initial efficiency,
two critical parameters should be figured out, namely, SE rate enhancement and the radiative
efficiency of the nano-antenna.

As for NP array shown in Fig. 2, more factors including field redistribution due to coupling
between different particles, and the spectrum widening ∆ω should be taken into account. Ob-
viously, owing to the field coupling, confinement of field should be weaker, leading to decrease
of DOS. However, these negative effects are ignored once the condition of NP loose array is
satisfied. In the case of ordered loose array, the distance between neighbors should be more than
twice as long as the dimension of NPs, weak coupling between neighbors could be employed to
analyze the performance of single NP in array. To calculate out the spectrum widening, or the
decrease of quality factor (Q factor) of the nano-cavity [7], the mathematical method similar to
the one which was used to analyze periodical potential wells in quantum mechanics [8] could be
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adopted. If only perturbation from nearest neighbors is considered, spectrum widening would
be derived analytically.

2. Critical parameters for light emission enhancement

Since the size of the nano-cavity is much shorter than the wavelength, the static EM analysis
can be applicable to the present problem of light emission enhancement. For a QD in free space,
the initial efficiency is given by [9]

ηrad =
τ
−1
rad

τ
−1
rad + τ

−1
nrad

, (1)

where τrad and τnrad represent radiation lifetime and the non-radiation lifetime of electron-hole
pairs, respectively. In view of the fact that τrad is much longer than τnrad , the equation can be
simplified as

ηrad =
τ
−1
rad

τ
−1
nrad

. (2)

Several forms of non-emission recombination exist [10, 11], including auger recombination
and those transmitted energy as phonons, which are not likely to be affected by the change of
modes of emitted photons, so that τnrad tends to be constant. On the other hand, according to
the Fermi golden rule, the SE probability has a form as [12]

ηi j =
∣∣Mi j

∣∣2 ρ, (3)

where ηi j is the electron transition rate from energy level |i〉 to | j〉, Mi j is the dipole matrix,
whose elements are the quantum constants for a certain QD, relating two energy levels, and
ρ is the DOS of the emitter, such as QD. Mi j has the form of 〈i|er| j〉, where e and r denote
the charge and the displacement vector, respectively, of carriers in a QD (〈i| is the Hermitian
conjugate of the energy state |i〉 of the carriers in the QD). It is apparent that only the term ρ

can be changed within the size, which differs in the range of 10−8 m. Assuming only one mode
can exist at cavity resonance, in the spectral domain, the DOS in the cavity ρsp can be presented
as [13]

ρsp =
1

Ve f f ∆ω
. (4)

The effective mode volume Ve f f is used as the ratio of the total SPP mode to the energy density
at the position of highest field Emax, which can be used to qualify the strength of light-matter
interactions in cavity [13]. After integrating the energy density over the whole space, the energy
U , a significant part of which is concentrated in the nano-cavity, turns out to be

U = 0.5ε0εdE2
maxVe f f , (5)

and the effective mode volume of the cavity Ve f f is thus given by

Ve f f =

∫
in 0.5ε0

∂ωεM
∂ω

E2dV +
∫

out 0.5ε0εdE2dV
0.5ε0εdE2

max
, (6)

where εd is the permittivity of the surrounding dielectric, εM is the Drude-model permittivity
for plasmonic material and E is the electric field in the space [5]. Based on the Drude model,
the metal dispersion εM is written as [13]

εM = 1−
ω2

p

ω2 + iυω
, (7)

#258200 Received 1 Feb 2016; revised 29 Mar 2016; accepted 31 Mar 2016; published 11 Apr 2016 
© 2016 OSA 18 Apr 2016 | Vol. 24, No. 8 | DOI:10.1364/OE.24.008555 | OPTICS EXPRESS 8558 



where ωp is the plasma frequency and υ is plasmonic material’s loss. Frequency ω should be
at the value where the maximum field occurs. And at this value stimulated SPP field is much
more intense than the stimulating field. The effective mode volume of quantum dots (Ve f f−qd)
could be obtained from Ve f f by

Ve f f−qd =Ve f f

(
Emax

EQD

)2

, (8)

where EQD is the electric field at the position of the QD. To calculate the Ve f f−qd , the relation-
ship between field intensity at the surface of the cavity and that at the QD needs to be evaluated.

On the other hand, energy loss in the cavity, which cannot be coupled to free space, can be
calculated as (

dU
dt

)
nrad

=
∫

in

1
2

ε0Im
(

∂ωεM

∂ω

)
ωE2dV. (9)

Meanwhile, the energy coupled into free space can be calculated through closed surface integral
of Poynting vector from the cavity. Once the cavity is identified as an antenna, its radiation rate
can be calculated by using its polarization momentum [14]. So the emitted power has the form(

dU
dt

)
rad

=
∮ −→

S ·d−→s . (10)

The Poynting vector 〈S〉 is given by

〈S〉= 1
2

Re[
−→
E ×−→H ∗] = 1

2
−→r0

√
µ0

ε0εd

∣∣∣∣kdωp

4πr

∣∣∣∣2 sin2(θ), (11)

where kd is the wavevector in the dielectric, −→r0 is the unit position vector, r is the distance
from the position to the origin, and θ is the altitude angle. The radiated power can therefore be
written as

Pr =
∫ 2π

0
dφ

∫
π

0
dθr2sinθ〈S〉=

ω4ε1.5
d

12πε0c3 |p|
2 , (12)

where p is the total polarized momentum of the NP and φ is the azimuth angle. The power
decay rate γ is

γ =

( dU
dt

)
rad +

( dU
dt

)
nrad

U
. (13)

The Fourier spectrum for the radiation wavelength is 2
πγ

γ2/4
γ2/4+(ω−ω0)2 , which has the form of

Lorentzian line shape. We might as well suppose the line width can be presented as

∆ω = (π/2)γ. (14)

As a result, the Q factor is [9]
Q = ω0/∆ω, (15)

where ω0 represents surface plasmonic resonance frequency. In the free space, when the fixed
polarization is taken into consideration, the DOS of the QD is equal to [13]

ρrad =
1

3π2

(
2π

λd

)3

/ω0, (16)
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where λd is the emission wavelength in the dielectric. When NP is placed nearby, the DOS is
enhanced by Purcell factor Fp, which can be expressed as

Fp =
3

8π
λ

3
d

Q
Ve f f−qd

. (17)

As a result, the SE rate of QDs becomes [8]

1
τ
′
rad

=
Fp

τrad
. (18)

However, while the efficiency of QD rises, loss caused by the plasmonic material particle plays
a vital role. The radiation efficiency of the particle ηr could be defined as the ratio of radiation
decay rate to the total energy decay rate. That is,

ηr =
γrad

γrad + γnrad
, (19)

which is a very small value. Now, with the existence of nearby NP, the total SE efficiency ηsp
becomes

ηsp =
τ
−1
rad(1+Fpηr)

τ
−1
nrad + τ

−1
rad(1+Fp)

. (20)

So the whole enhancement can be approximately written as 1+Fpηsp, under the condition that
the initial SE of emitter is extremely low. Even though ηr is small, namely SPP loss overwhelms
radiation, the SE efficiency is amplified by a much larger value Fp, and so it is worth using these
cavities for enhancement, particularly for QD with low SE efficiency, like the indirect bandgap
type Ge QDs whose efficiency will dramatically increase [15]. The whole processes can be
interpreted vividly by Fig. 1.

It is impossible to deduce the fine frequency broadening due to cavities’ coupling. However,
when a perturbing field from the neighbor NP is much weaker than NP’s own field, like less
than 20% of the internal field, the perturbation model could be used, which only considers the
four neighbor particles. Assume the field of an isolated pillar has the form

−→
E (−→r )e jωt . In an

ordered array as Fig. 2, the distance between each nano-pillar is b. Note that the coupling makes
the field split. The field can be written as ∑ωm,n(t)E(−→r ), where ωm,n(t) =Cm,ne jωt . As a result
of the periodicity of the array, Cm,n is also periodic, i.e., Cm,n = ke j(bm+bn). Since the operator
∂ 2

∂ t2 is equivalent to −ω2, substituting the form of the solution into Maxwell equation, [16]

∆
−→
E = εµ

∂ 2

∂ t2
−→
E , (21)

we can obtain

ω
2 = ω

2
0

[
1+

Em,n−1out

Ein
cos(bXn)+

Em,n+1out

Ein
cos(bXn)+

Em−1,nout

Ein
cos(bXm)+

Em+1,nout

Ein
cos(bXm)

]
, (22)

where X is the wavenumber of SPP-Bloch wave (SPP-BW). Spectrum is thus broadened. Gen-
erally speaking, the wavevector of the space period structure which is related to SP is larger
than the wavevector of photons in the dielectric, and the reasonable extent for the wavevec-
tor of SP that can be coupled out should have

√
X2

m +X2
n < kd , where kd is regarded as space
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Fig. 2. Illustration of a pillar ordered array, where a and h represent the radius and the
height, respectively, of the pillar, and b is the center-to-center spacing between two neigh-
boring pillars.

period vector. Additionally, we need to do modification to the radiation decay rate γrad , since
only partition of the SPP modes whose value of wavevector is smaller than kd can be coupled
out [17]. It can be seen that the non-ordered array can be a good solution for overcoming this
negative influence thanks to decoupling. The looser the array, the weaker the enhancement for
those QDs far from the pillars, and the lower the DOS that the pillar can supply.

3. Numerical calculation and analysis for enhancement

Traditionally, among most of references about using micro-structure to enhance light emission,
analytic results usually focus on spherical cavity or bumps on a plasmonic material’s surface,
like Jacob Khurgin’s work [18] and many famous papers [19] about Surface Enhanced Ra-
man Scattering (SERS). The field will be intensive over high curvature positions, so spheres
with small radius lead to high DOS. However, based on those references, it can be found that,
compared with those shapes with low symmetry, the enhancement for spherical cavity is much
more dimensionally sensitive, leading to great challenges in device fabrication process, call-
ing for sophisticated fabrication. Other shapes can avoid this problem, like pillar or inverted
cone. Moreover, compared with the spherical NP configuration, the pillar has more alterable
variables, including the radius and height, both of which are tunable to gain smaller Ve f f and to
achieve higher enhancement. Furthermore, another merit of the pillar shape is that the enhance-
ment is less sensitive to radiative frequency compared to the spherical cavity, which enables the
similar enhancement even with some broadening of the source. Inverted cone, along with some
similar structures, is also apparently more flexible than spheres. More importantly, owning to
a little bit lower Q factor and much smaller Ve f f , the inverted cones perform even better than
pillars, as the result that antenna radiative efficiency is inversely proportional to Q, and Fp is
inversely proportional to Ve f f . Nevertheless, analytical calculation for inverted cone is almost
impossible, and the fabrication for the structure with a tiny point is quite difficult for the present.
This is the reason for why nano-pillars are chosen in this work.

Some conclusions from previous work are constructive [5, 18, 20]. Typically, tightly confined
energy with large wavevector is relatively difficult to be coupled into free space from SPP
mode, and they also suffer from large loss due to field penetration into the plasmonic material.
Actually, those tightly confined modes belongs to high order modes. So those references [5, 21]
tell us about how to calculate and cancel those high order modes. Since sphere is extremely
symmetrical, it is much easier to be analyzed than those shapes, e.g., pillars. Therefore, in the
following case, the enhancement should be calculated in such a special way [22].

It is well known that there are two kinds of polarization dominating in the distribution of elec-
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Fig. 3. Illustration of the nano-pillar with a stimulating electric field of horizontal polariza-
tion, where φ is the angle between the position vector r and the x-axis.

tromagnetic (EM) field, namely, the horizontal polarization whose electric field is perpendicular
to the pillar and the vertical polarization with the electric field along the pillar. It is difficult to
evaluate the exact field distribution due to the complex boundary conditions, let alone the SE
rate of each QD, which varies from one another, is not known before our calculation. Here we
try to treat the two polarized electric fields independently, the process of calculation is therefore
simplified, and hence it is possible for us to obtain the explicit theoretical formalisms for these
two cases (horizontal and vertical polarizations).

3.1. The horizontal polarization

When the polarization of electric field is vertical to the central axis of pillar, the electromagnetic
modes on the pillar can be stimulated by the incident plane wave from bottom to up, as shown
in Fig. 3. While the ideal transverse electromagnetic wave (TEM) is absent in such a pillar, the
quasi TEM analysis for the electric field is suitable, assuming the wavevector is along the axis.

Above all, plasmonic resonance frequency should be figured out. As the length of the pillar
is several times larger than its radius, the variation of field along the axis is much less than that
along the radius. At the optical communication spectrum, based on the fact that the wavelength
and the skin depth are much larger than the geometric size of the nano-pillar, the quasi-static
analysis can be utilized as phase change in the pillar can be ignored. Therefore, the electric
potential satisfies the Laplace equation

∆Φ =
1
r

(
1
r

∂ 2

∂φ 2 +
∂

∂ r

(
r

∂

∂ r

))
Φ = 0, (23)

of which the solution reads

Φ =Clnr+B+
∞

∑
−∞, n6=0

rn(Ancosnφ +Bnsinnφ). (24)

According to the boundary conditions (i.e., the field is finite inside the pillar, and the electric
displacement vector in the normal direction is continuous across the surface), the solution can
be obtained:

Φinside =

(
−2εd

εM + εd

)
rcosφ , (25)
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Φoutside =

[(
εM− εd

εM + εd

)
a2

r
− r
]

cosφ . (26)

The stimulated SPP mode should be much more intensive than the stimulating field. Using the
formula for the real part of the dielectric constant of plasmonic material in the Drude model,

εM = 1−
ω2

p

ω2 , the resonance frequency should be

ω =

√
ω2

p

1+ εd
, (27)

where ωp is the electron plasma frequency, and ω is the frequency of the optical field. Actually,
from the transition of SPP to the localized surface plasmon (LSP), namely different modes,

plasmonic resonance frequency will change from

√
ω2

p

1+ εd
to

√
ω2

p

1+2εd
[5, 12]. In a specific

case, when an ITO pillar with ωp of 2.2× 1015rad/s, stands on the surface of a thick silicon
dioxide (SiO2) film with permittivity of 2.1, the frequency for maximum efficiency enhance-
ment is around 1550 nm, the central frequency of C-band for optical communication, which
can be chosen as plasmonic resonance frequency. Then the electric field, which is the gradient
of the above potential functions, is given by

Er =


(

εM− εd

εM + εd
−1
)

cosφ r < a

−
(

εM− εd

εM + εd

a2

r2 +1
)

cosφ r > a
, (28)

Eφ =


(

εM− εd

εM + εd
−1
)

sinφ r < a(
εM− εd

εM + εd

a2

r2 −1
)

sinφ r > a
. (29)

If we do not suppose that the length is large, the Maxwell equation should be solved in this
form, (∇2 + εµω2)Ey, namely, (∇2 + εrk2

0)Ey, where εr is the relative permittivity. We assume
the electric field in the y-direction

Ey = R(r)Φ(φ)e− jkzz, (30)

where kz is the wavevector along the axis. With the help of the boundary conditions, we can
have

Ey =


D

Jn(kt1r)
Jnkt1a

cosnφe− jkzz r < a

D
Kn(kt2r)
Knkt2a

cosnφe− jkzz r > a
, (31)

where Jn, Kn are the first and second kinds of Bessel functions, respectively. The undetermined
parameters kt1, kt2, kz have the relationship:

k2
t1 = (

2π

λ0
)2

εM− k2
z , (32)

k2
t2 = (

2π

λ0
)2

εd− k2
z , (33)
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kt1Jn−1(kt1a)√
εJn(kt1a)

=
kt2Jn−1(kt2a)√

εJn(kt2a)
, (34)

which should be complex numbers. So we can obtain the magnetic field and thus electric field
along the axis, and the results are given by

Hx =−
Ey√

µ/ε0ε
, (35)

Ez =
− j
ωε

(
∂Hy

∂x
− ∂Hx

∂y

)
≈ j

ωε

∂Hx

∂y
. (36)

It should be noted that the high order modes with the form of Legendre functions were
excluded in Jacob Khurgin’s work with sphere cavity [19] because the multi-dipoles can cancel
each other out and hence the high order modes cannot be coupled into the free space. This
can also be explained within the framework of wave theory: specifically, the high order modes
have tightly confined fields over surface (and hence large wavevectors). This leads to failure in
phase matching, and the high order modes cannot be coupled out as emitted photons. In a pillar
cavity, all orders have the form of Bessel functions, and it is easy to see that high order Bessel
functions are also confined near the surface of the pillar. So in some coarse approximation, the
high order components are ignored, and then the field can be written as

Ey =


D

J0(kt1r)
J0kt1a

cosnφe− jkzz r < a

D
K0(kt2r)
K0kt2a

cosnφe− jkzz r > a
. (37)

As far as how to analyze the high order modes is concerned, we will refer to Gersten and
Nitzan’s work [5], where the high-order coefficients in series solutions have been determined.
In the simplified expressions (28) and (29) for the fields inside and outside the pillar, we shall
add the phase factor e jkMz, with

kM =
ω

c
√

εM, (38)

where εM =−εd , namely, kM = jkd . The whole energy formula and the field are obtained

U =
(3+ εd)ε0E2

max(1− e−2kdh)πa2

4kd

= 0.5ε0εdE2
maxVe f f , (39)

Ve f f =

(
1+

3
εd

)
1− e−2hkd

2hkd
πa2h. (40)

On the other hand, the polarization momentum is given by

p =
∫ −→

P dV =
∫ l

0

−2ε0εd(−εd−1)
εM + εd

E0πa2e jkdzdz. (41)
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The emitted power is of the form

Pr =
∫ 2π

0
dφ

∫ 2π

0
dθr2sinθ〈S〉

=
ω4ε1.5

d
12πε0c3 |p|

=
ω4ε1.5

d (πa2h)2(1+ εd)
2

12πε0c3

(
1− e−hkd

hkd

)2

E2
max

=

(
dU
dt

)
rad

, (42)

and the energy decay rate in the pillar turns out to be(
dU
dt

)
nrad

= υ(1+ εd)πa2hE2
max

1− e−2kdh

2kdh
. (43)

When the wavelength is longer than four times the length of the pillar, we have the total decay
rate

γ =
υ(1+ εd)+

ω4
0 ε1.5

d a2h
12c3 (1+ ε2

d )

0.5(3+ εd)
. (44)

The radiation efficiency of the pillar is

ηr =

ω4
0 ε1.5

d a2h
12c3 (1+ εd)

υ +
ω4

0 ε1.5
d a2h

12c3 (1+ εd)

. (45)

When the change rate of the field intensity outside the pillar is taken into account, the effective
mode volume of a quantum dot is given by

Ve f f−qd =Ve f f

(
h+d

h

)4

, (46)

where d is the distance from QD to the bottom of the pillar. By using all the above results, the
enhancement factor, which has been defined in Eq. (17), can be written in the form

Fp =
6c3(1+ εd)kd

ε0.5
d ω2

p

(
υ +

ω4
0 ε1.5

d a2h
12c3

)
(1− e−2hkd )a2

(
h

h+d

)4

. (47)

Now the total enhancement factor is

Fsingle =
(1+ εd)kdεdhω2

o

2

(
υ +

ω4
0 ε1.5

d a2h
12c3

)2

(1− e−2hkd )

(
h

h+d

)4

+1. (48)

The total enhancement factor Fsingle exhibits a strong dependence on the size of plasmonic
material nano-pillar as shown in Fig. 4, when the polarized direction of electric field is vertical
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(a) (b)

(c)

Fig. 4. Enhancement factor Fsingle (due to a single isolated ITO pillar with the electric field
of a horizontal polarization) as a function of the pillar radius a and the height h. In (a), the
pillar height ranges from 100 to 500 nm, and the distance d from QD to the bottom of the
pillar is 10 nm; In (b), the distance d from QD to the pillar bottom ranges from 10 to 50
nm, and the pillar height h is 200 nm; In (c), the distance d from QD to the pillar bottom
ranges from 10 to 50 nm and the radius a of the pillar is 60 nm.

to the axis, where ITO nano-pillar with a given loss υ of 0.2ωp is used for example and the
dielectric is silicon dioxide. The parameters used for numerical calculation are presented in
Table. 1. The enhancement of efficiency decreases rapidly with the increase of radius of pillar
and the distance from QD to the bottom of the pillar, but increases when the height of the pillar
rises. These facts indicate that the leptosomatic pillar favors the higher enhancement when the
horizontal polarization is applied.

Table 1. Typical Parameters of Numerical Calculation for Enhancement Factor

ω0 (Rad/s) ωp (Rad/s) υ (Rad/s) εd

1.22×1015 2.2×1015 4.4×1014 2.1

3.2. The vertical polarization

The vertical polarization has the configuration as shown in Fig. 5, where the field is along the
z-axis of the pillar. We assume the electric field has the form Ez(r,φ ,z) = R(r)Φ(φ)e jkMz. By
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Fig. 5. Illustration of the nano-pillar with the electric field of a vertical polarization, where
φ is the angle between the position vector r and the y-axis.

solving the Maxwell equation with boundary conditions, we can obtain the solution

Ez =

{
J0(kt1r)e−γzz r < a
K0(kt2r)e−γzz r > a

(49)

with the relationship of the parameters kt1, kt2, γz:

kt1

εM

J0(kt1a)
J1(kt1a)

=−kt2

εd

K0(kt2a)
K1(kt2a)

, (50)

k2
t2 = k2

d + γ
2
z , (51)

where γz is the decay rate along the z-axis. The present nano-pillar can be treated as a short
antenna, so that the electric field far from the pillar can be written as

Eφ =
∫ h

0
j
η0kdJ(z)

4πr
sin(φ)e− jkdr+ jkdzcos(φ)dz, (52)

where J is the current and η0 is the intrinsic impedance of the free space. The emitted power
can be of the form

Pr =
a(πε0kde−kt2aa)2

32kt2ω2 ·

∫
π

0
sin3(φ)

(
e− jkdr+ jkdzcos(φ)−1
−γz + jkdcos(φ)

)2

dφ . (53)

Based on the property of Bessel functions, we can find that when kt2a < 5,
∫

∞

kt2a xK2
0 (x)dx≈ 0,

namely, the energy is concentrated in the cavity. Then the whole energy is approximately given
by

U = πε0
1− e−2γzh

2γz
(2− εd)

a2

2
[I2

0(akt1)− I2
1(akt2)]. (54)
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The effective mode volume Ve f f and the energy decay in the pillar are given by

Ve f f = πa2h
2− εd

εM

1− e−γzh

2γzh

[
1− I2

1(akt1)

I2
0(akt1)

]
, (55)

and (
dU
dt

)
nrad

= 2πε0(1+ εd)υ
1− e−2γzh

2γz
· a

2

2
(
I2
0(akt1)− I2

1(akt1)
)
, (56)

respectively. The total decay rate and the radiation efficiency of the pillar should take the form

γ =

Pr +

(
dU
dt

)
nrad

U
, (57)

ηr =
Pr

Pr +

(
dU
dt

)
nrad

, (58)

respectively. Therefore, the Purcell factor Fp turns out to be of the form

Fp =
λ 3

4π3γ
ω0

εd

2− εM

a2

(a+d)4 ·
I2
0(akt1)

I2
0(akt1)− I2

1(akt1)

2γz

1− e−2γzh . (59)

As a result, the enhancement could be expressed as

Fsingle = 1+Fpηr. (60)

Now take the ITO nano-pillar for example again. When the electric field is vertically polar-
ized, the enhancement factor Fsingle exhibits the same order of magnitude as that shown in Fig.
4, where the electric field is horizontally polarized (schematically shown in Fig. 6). Although,
similarly, the factor Fsingle decreases when the distance from QD to the bottom of the pillar in-
creases, and there is an optimal enhancement when the radius changes from 20 nm to 100 nm.
More importantly, unlike the scenario of horizontal polarization, the enhancement factor Fsingle
decreases with the increase of height of the pillar. All the facts suggest that in this situation, a
flat pillar would be a better choice for higher enhancement.

3.3. Numerical analysis for the effects of multi-cavity

Here, the electric field of pillar is applied (as an example to illustrate the weak coupling, the
horizontally polarized electric field is assumed). Notice that the field outside the pillar decreases
with the increase of distance quadratically. By substituting the electric field outside the pillar
into the frequency broadening formula Eq. (22), we can obtain

ω
2 = ω

2
0

[
1+2

(
a

a+b

)2
]
[cos(bXn)+ cos(bXm)] . (61)

The spectrum broadening can be given byω0

√√√√1+4
(

a
a+b

)2

cos

(√
2

2
bkd

)
, ω0

√
1+4

(
a

a+b

)2
 . (62)
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(a)

(b)

(c)

Fig. 6. Enhancement factor Fsingle (due to a single isolated ITO pillar with the electric field
of vertical polarization) as a function of the pillar radius a and the height h. In (a), the
height ranges from 100 to 500 nm, and the distance d from QD to the pillar bottom is 10
nm; In (b), the distance d from QD to the bottom of the pillar ranges from 10 to 50 nm, and
the height of the pillar is 200 nm; In (c), the distance d from QD to the pillar bottom ranges
from 10 to 50 nm, and the radius of the pillar is 60 nm.
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If we assume the diameter of the pillar is less than 0.3 times as long as the length, the approxi-
mate expression for the broadening due to the coupling is

∆ω
′
=

2√
1+ εd

(
a

a+b

)2

(1− cos
√

2bkd)ωp. (63)

Once plasmonic material’s loss υ is 10% of ωp, widening due to the isolated cavity Q factor

is around
0.1ωpπ(1+ εd)

3+ εd
. In order that the pillar is accessible to fabrication, we assume a =

50 nm and b is larger than 150 nm. The coupling of ordered array only broadens 0.02ωp in
frequency, which can be ignored compared with the broadening by the cavity itself. Meanwhile,
the majority of power is gathered in the pillar, and so the change of field intensity inside the
pillar on account of the neighbors would also be negligibly small. Thus, loose coupling can be
ignored, particularly in a disordered array [23].

4. Simulation result

The theoretical model in Section 3 is established based on some ideal but unrealistic assump-
tions about polarizations, the obtained results would be applicable only under certain circum-
stances. In a real case, the electric field is always consisted of both the two polarized states.
However, the proportion of the two polarized components is still unknown. Fortunately, tak-
ing advantage of FDTD (finite difference time domain) simulation, much more precise results
could be reached [24].

It should be noticed that different orientations of dipoles will influence the proportion of
the above two polarized states in a real electric field [25]. Here, two kinds of typical cases are
discussed, namely, horizontal orientation and vertical orientation as shown in Fig. 7(a) and Fig.
7(b), respectively. Different from the concept of polarization, orientation refers to the oscillation
direction of dipole in this paper. The dipoles’ orientation is mainly determined by the pumping
manner, as well as QDs morphology, and the horizontal one dominates once QDs are pumped
with bottom-up incident light [26, 27].

Now again as an illustrative example, Indium Tin Oxide will be utilized as a nano-pillar,
which has potential applications in SPP enhancement [28] in infrared range around 1550 nm
[29]. In our model, a single ITO nano-pillar is standing on the surface of silicon dioxide layer.
And the dipole is right under the bottom of the pillar. In the simulation, the boundary condition
is set as a perfectly matched layer, and the mesh is chosen as 2 nm, which is small enough to
obtain the precise distribution of the electric field. Fig. 7 shows the distribution of electric field,
under the conditions of the two kinds of dipole orientations mentioned above. It is noteworthy
that the electric field is localized at the border of the pillar, especially on the edge. Outside
the pillar, the field decays fiercely. It is shown that the vertically orientated dipoles stimulate
substantially more intensive field inside the nano-pillars than the horizontally orientated dipoles
do.

Here, the enhancement with vertically oriented QD dipole is presented as Fig. 8. Once the
dipole is oriented vertically, the profile of the enhancement of the ITO pillar, as the function
of radius a and height h, could be explained, if the two kinds of polarizations of electric fields
are taken into account. To achieve the higher enhancement, pillar with smaller radius is needed,
which is also favored by the result of two polarized states. Besides, both high pillar (indicated by
horizontally polarized assumption) and short pillar (indicated by vertically polarized assump-
tion), exhibit superior enhancement factor Fsingle. In a word, both slim and flat configurations of
ITO pillars are suitable for surface plasmonic enhancement, up to 22 and 25 folds, respectively,
with a single QD. As a matter of fact, several QDs can also be located under one pillar. The
efficiency of these QDs, companied by their mutual coupling, would be affected differently by
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(a) (b)

(c) (d)

(e) (f)

Fig. 7. The field distribution of the ITO pillar. (a) and (b) are the illustrations of the dipoles
with two orientations: (a) oriented horizontally and (b) oriented vertically; (c) and (d) show
the common logarithm, (lg |E|), of the near field profiles of the silicon based light source
with enhancement by ITO pillar. These are the top views of near-field profiles of the hor-
izontally oriented dipole (c) and the vertically oriented dipole (d); (e) and (f) indicate the
common logarithm, (lg |E|), of the near field profiles of the same silicon based light source.
These are the cross-section near-field profiles of the horizontally oriented dipole (e) and the
vertically oriented dipole (f) at 1550 nm. The radius and the height of the ITO pillar are 60
nm and 200 nm, respectively, and the distance from QD to the bottom of the pillar is 10
nm.
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(a)

(b)

(c)

Fig. 8. Enhancement of the device efficiency, as the function of radius a and height h with
(a) 1 QD, (b) 3 QDs and (c) 5 QDs, where the distance from QD to the bottom of the pillar
is 10 nm and the dipoles are oriented vertically.
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the same pillar. Moreover, their radiation properties will also determine the distribution of the
polarizations and DOS, which will in turn influence the radiative efficiency of the QDs. Thus,
simulations with several QDs can be more persuasive for the enhancement factor. With three
QDs and five QDs, the profiles of enhancement share the similar pattern with that of a single
QD, while the optimal enhancement increases to 28 and 30 folds, respectively, slightly higher
than the former case, due to the additional interaction between dipoles. So far, all numerical
calculations rely on FDTD. Since the geometric sizes are much shorter than the wavelength,
it is inevitable that quasi-static field can be a better approximation, which enables us to use
quasi-static method in our analytical deduction. However, seldom does commercial software
adopt this algorithm, which will be considered in our further quasi-static numerical analysis.

5. Summary

We have demonstrated the physical processes and critical concepts of using nano-cavity lo-
cated near QDs to enhance their quantum efficiency. Both the Purcell factor (characterizing
the efficiency enhancement) and the radiative efficiency of the cavity have been considered in
our theoretical model. The theoretical results for energy decay rate, effective mode volume and
enhancement factor in these two cases (corresponding to the two kinds of polarizations of stim-
ulating electric fields) have been developed. By using FDTD, we have considered two different
orientations of dipoles, which can also be interpreted to some degree by the results of two kinds
of stimulating polarizations, and based on this, we have obtained the criterion for the best sizes
of pillars for enhancement. Merits of pillar include its easy formation in laboratory and more
tunable variables. Low-collision-frequency (i.e., low-loss) ITO design and fabrication is the
most critical factor aiming at better enhancement. In general, fabrication can guarantee that its
value is as low as 10% of plasma frequency [30]. Moreover, it follows from our analysis (about
the larger-size extent of localization for emission) that an inverted cone is absolutely a perfect
structure, which can both confine the field and couple the SPP into photons efficiently. Further-
more, it is found that coupling between particles in a loose ordered array plays a negligible role.
Though the interaction between particles has some negative effects, the problem can be solved
by disordered arrangement. It is expected that revealing the physical essence and mechanism
as well as design method for the present plasmonic nano-particle–assisted light-emission en-
hancement in quantum dots would be beneficial to many research fields, e.g., silicon based light
sources and advanced solar cells [31].
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